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8ABSTRACT
The low frequency( 1O9 s-') dielectric relaxation
was studied in thy. s thesis. In a recent survey (Jonscher,
1978) on the dielectric properties of a wide range of so-
lids at various temperatures, the frequency dependence of
the dielectric loss factor Lr(W) was found to exhibit a
remarkably universal power behavior ((w) w) in the
post-peak region, It was suggested by Ngai (1979) that
anomalous (non-Debye) dielectric loss in condensed matter
may be closely related to the excitation of some low fre-
quency modes accompanying the transition of the dipoles--
an idea common in the classic works of F--center absorption
and X-ray edge. Although Ngai's suggestion is probably re-
liable, NTgai's work is open to several criticisms. Follow-
ing Ngai's work, the susceptibility was calculated rigorous-
ly by Young (1982) in a very simple model. The result of
Young's work gives the Debye formula and Davidson-Cole
formula. In this thesis, it will be shown that Young's resul
can be derived in a manner parallel to the classic treatment
on F-center absorption and X-ray edge, and that the
heuristic arguments of Ngai are unreliable. Moreover, actual
dielectric -relaxations are usually activated, therefore
Young's model was generalized in the hope of obtaining the
Arrhenius type dependence of the loss peak frequency on the
temperature. The model is modified to be a non-degenerate
three site system coupling to phonons and the result is in
the manner expected.
1Chapter 1
Introduction to Dielectric Relaxation
Instantaneous responses to external perturbation do not
exist in physics. Generally, a physical system responds to
external stimulus with a time lag. Relaxational processes
may be defined as such time development of a system under
the influence of an. external perturbation, and are not un-
commom in physics, for example: the mechanical response of
viscoelastic solids to applied. stress, the change of cur-
rent in ar electric circuit in response to the time varying
voltage and the response of a dielectric medium to an exter-
nal electric field E. In this thesis we shall consider the
problem of dielectric relaxation in condensed matter.
1.1 Macroscopic Theory of Linear Responses
When a dielectric medium is. placed in a static electric
field E, the electric field causes the medium to be polarized
For fields that are weak compared to atomic fields( 10 11 vm-1
the response is usually linear and is macroscopically dis-
cussed in terms of the susceptibility, defined as the
coefficient of proportionality between the polarization E
and the electric field E
(1.1)
2For an isotropic medium, the* relationship can be simplified
to
(1.2)
where is called the DC susceptibility. In general, the
electric displacement is defined as
(1.3)
where E,, is the DC dielectric constant, related to as
(1.4)
Thus all static dielectric properties are summarized by
or
If the electric field is time-dependent, it will be
assumed that the contribution of E at various.time inter-
vais to P are additive, and relation egn.(l.l) is
generalized with a function
(1.5)
3In accordance with the principle of causality, the field at
a later time t' cannot influence P(t) at earlier t, then
(1.6)
Thus the function ('r) completely describes the response
under any electric field.
For a static field E, we get
(1.8)
so the DC susceptibility is related to the function
by
(1.9)







This shows tha.t if complex quantities are used, P and E
are related by a simple proportionality constant
The modulus of (ct) gi1 es the strength of the response
of the medium to the perturbation, and the phase gives
the time la.g between the response and the perturbation,
5Because of causality, the real part and imaginary part
of ,(w) are inter-related. The real part (w) can in
principle be determined in terms of the imaginary part
through the Kramer-Kronig dispersion formula
(1.14)
where 6 denotes the Cauchy principal value. Therefore
contains a complete description of the response of the
medium.
Moreover, when the charges in the dieiect is medium
are driven into oscillation by the electric tiela Re
energy will be absorbed. The power dissipation or the ab-




may be interpreted as the frequency dependent conductivity.
6By measuring the dielectric absorption at various
frequencies, the dependence of (o) on can be deter-
mined and thus gives a complete characterization of the
response of the medium. Some typical data of dielectric
loss are presented in Fig.l-Fig.5, in plot of log
against log In all cases (W)) peaks at some fre-
quency which is temperature dependent. The curves are not
symmetric about the peak, and exhibit a slow decay in the
post-peak region extending over several decades of frequency.
The full width at half-maximum (FWHN)are different for
various solids and also for temperatures a This feature will
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Fig. 1 Plot of the dielectric loss for polyvinyle acetate
at 62.5 K (1), 70 K (2) and 77 K (3). Full width at
half maxi mum are 3.4 decades, 3.5 decades and 3.6
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Fig. 2 Plot of the dielectric loss for PMA at 30 K (1),
37 K (2) and 95.7 K (3). l1 width at half maximum
are 3.8 decades, 4.1 decades and 5.3 decades respect-
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Fig-3 Plot of the Dielectric Loss for Ice at 227.2 K (l)
253 K ( 2) and 272 K (3). Pull width at half maximum
are 1.75 decades, 1.65 decades and 1.65 decades
respectively. The curves are constructed using









Figs.4 Plot of the Dielectric Loss for Methyl.pentachl.oro-
benzene at 223 K (1),255 K (2) and 273 K (3).
Full width at half maximum are 2.35 decades,
1.95 decades and 1.85 decades respectively.
The curves are constructed using Cole-Cole
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Fig.5 Plot of the Dielectric Loss for Glycerol. at
213 K (1), 223 K (2) and 233 K (3). Full width
at half maximum are 2.05 decades, 1.95 decades
and 1.95 decades respectively. The curves are
constructed using Davidson-Cole formula with
data after Davidson (1951)
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1.2 Universality of Dielectric Relaxation
In a recent survey (Jonscher, 1978) on the dielectric
properties of a wide range of solids at various temperature,
the dielectric loss factor was found to exhibit a
remarkably universal frequency dependence,
(1.17)
extending over several decades of frequency in the post-
peak region from the lowest audio and sub-audio range to
109 s-1. The exponent n falls into certain ranges which de-
pend mainly on the types of polarizing species and on
temperature. The exponent n is schematically depicted in
Fig.6 for various types of dielectric response in the
wide range of solides, and Fig.7 gives the dielectric loss
for some typical values of n.
As a consequence of the Kramer-Kronig relation, the
universal frequency dependence of dielectric loss implies
that the real part of the susceptibility is also power
behaved in the post-peak region.
(1.18)




















Fig.6 Various observed types of dielectric response. (a) Logarithmic plots of







versus log/l0 w for
Pig. 7a Plots of log10
KBr + 10/5 KOH( x), poly (ethy1methacrylate
in CC14) ( )and poly (vinylcarbozole) (0)







Fig, 7b Plots of log10 (w) versus log10 w for
siloxane polymers (a), extruded dioctadecyl-
ether (x) and fluor enone in 0-t erphenyl ()
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Fig. 7c Plots of leg.10.X/I(w) versus log/10 w for
vinyl acetate oligonicrs() and poly(methyl
acrylate) (o) with n= 0.625. After Ngai.
(Lecture Note - unpublished)
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frequency independent for large . The frequency in-
dependence can be obtained by the following
simple argument. Any causal function which





For then we get
The above argument is valid only if n = 0.For n =0,




For large w, the ratio
(1.26)
which reduces to the Debye model , widely used to discuss
dielectric relaxation. The Debye model predicts
(1.27)
(1.28)
where is a temperature-dependent relaxation time. As we
have seen, a large number experiments are in complete
disagreement with the Debye model. The Debye model will
be briefly described as the special, case corresponding
to n = 0.
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1.3 Deb ye Model--- Dynamics of Two Levels S em
Below a frequency of 109Hz, the polarization in a
medium is expected to be mainly due to the orientational
contribution of the permanent dipoles, and the Debye model
has been employed for a long time to interpret the frequency
dependence of the dielectric loss in this frequency domain.
The model consists of permanent dipoles, each of which
is assumed to have only two allowed orientation equilibrium
positions seperated by a potential barrier. The flipping of
the dipoles can therefore be regarded as the hopping of a
charged particle between two wells seperated with a barrier
and an activation process occurs whilst the charge acquires
sufficient energy to overcome the barrier. In the absence
of an external field and in thermal equilibrium, the two
wells will be equally populated, so the net dipole moment
vanishes.
Consider for a moment a static electric field applied
to the dipoles. Under the influence-of the external electric
field, the potential energy will be biased for the wells
(Fig. 8). The dipoles will then redistribute between the
two wells. We assume that the transition rate 12 from
site 1 to site 2 and 2S, from site 2 to site 1 are con-
trolled in the usual-way by the potential barrier to be




















Fig. 8 chematic representation of potential energy for
a charge hopping between two wells, (a.) without,
electric field (b) in the presence of an electric




where the difference in the exponent occurs because of the
influence of the external field on the system Since
<<1,provided
which is nearly always the case. Thethat
transition rate can then be expanded as
(1.31)
(1.32)
If N/1(t) and N/2 (t) are the populations in sites I ana 2





where n being the number of dipoles per unit volume.
The only object of interest is the difference
n(t)= N/l(t) N/2(t), which is directly related to the





The above equation also applies to an A. C. field if the
frequency of the A.C. field is small compared to the time
required to make a tra.nEition. So generalizing egn.(1.36)
to a time dependent field E(t), we get
(1.40)
23





in the Debye model with a single relaxation time C, as
described above, the imaginary part of the susceptibility
is symmetrical about the loss peak in the log-log plot
(Fig. 9), and the full width at half maximum (FWHM) is
1.6 decades. This is imcompatible with experiment. For
example: Fig. 1 --- Fig. 5 show that (a) the peak is asym-
metric, (b) the FWH.LINI- is much broader, typically 3 --4 decades
for Fig. 1 However, the Debye model can be generalized as
follows to fit experimental data.
Assume that the medium consists of groups of polarizable
elements with various relaxation times, and let p d be





-2 -1 1 20-3 3
Fig. 9 Normalized Plot of Susceptibility (Debye Model)
vs. Frequency, (w} (Chain Dotted Line) and
(W) (Solid Line). Full width at half maxium
is 1.6 decades,
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(t.t+dt). Then the susceptibility of the medium is given
by the sum of the contribution of various -t's, i.e.
(1.45)
(1.46)
The frequency dependence of xi(w) is determined by the
distribution function of relaxation time p(t) and, hence
is not necessarily symmetrical. The FWHN is wider. Hence
experimental result can be fitted by choosing an appropiate
distribution function p(t)
1.4 Cole-Cole Formula and Davidson-Cole Formula
Another elegant method to present experimental data
is the Argand diagram of vs. for various
frequencies in the complex plane. The locus is called the
Cole-Cole plot. If the Debye model with a single relaxation
time is coerect, the locus will be a circle with center on
the real axis at( x/2,0) and radius X/2 (Fig. 10).
Since= Xi and at c= 0, the intercept
on the axis corresponds to the response of the medium to
the static field .R On the other hand, the origin will cor-
respond to the high frequency response as Xi=0 and Xi=0





Fig.10 Cale-Cole Plot- Debye Model with Single
Relaxation Time.
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clockwise direction for increasing frequency. However, as
we have seen that experimental results are seldom in agree-
ment with the Debye model with a single relaxation time,
so the Cole-Cole plot will not take the form of Fig. 10.
In fact, when experimental data are plotted, we usually
obtain a circular arc, but no longer centered on the rpal
axis (Fig. il). For a large number of solids, the arc can
be represented as in Fig. 11, with various values of para-
meter n. The point A represents the situation for w= 0,
so A=( x., 0) and the coordinate of the mid-point B of
the line OA is( 'x./2, 0). Since the are is symmetric about
B, the center C must lie on the vertical. line through B
and we denote the vertical coordinate of C by -j xatan(n )
this is simply a definition of n. For n= 0, this reduces
back to the Debye model, while for n 0, this represents
an arc centered below the real axis, C= /X.( 1, tan(n)),
and the radius of the circle R=( 7 0/2) sec (n'rr). Thus
the locus of the circle is
(1.47)
It is easy to show that this circle can be obtained from






Fig. 11 General Form of Cole-Cole Plot with Parameter n.
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and the real part and imaginary part are
(1.49)
(1.50)
where s=log . This is known as the Cole-Cole formula and
has been widely used to fit experimental data with n being
taken as a free parameter. The typical values of n for some
materials at different temperatures are listed in Table 1.
For the Cole-Cole formula, the are is symmetrical about
the loss peak. However, for a large numberof measurement on
the dielectric loss( Fig. 12 the locus of the Argand
diagram is an asymmetrical curve. In such cases, the
Davidson-Cole formula(D.W. Cole and R.H. Cole, 1951) is
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The parameter n for some materials are listed in Table 2
It must be noted that both the Cole-Cole formula and the
Davidson-Cole formula are the generalization of the Debye
model and reduce back to Debye for.mula+, for n= 0
1.5 Mechanisms of Polarization
Microscopically, the polarization is defined as the
dipole moment per unit volume. If he field is not so
strong, the dipole moment is assumed to be linearly related
to the local field stren,th E with a proportionality constant
the polarizabilitye The polarizability may arise from
various mechar'..isms, for instance, i) electronic polarizability
e6 arising from the relative displacement of the electrons
to the inner shell of the core atom ii) atomic polarizability
oa: arising from the relative displacement between the atoms
with nonzero effective charges in molecules- iii) orientat-
ional polarizability: arising from the alignment of the
permanent dipole with the applied E field. Since the res-
ponse of each polarized specimen would have its own free-
quency characteristics, the polarizability of the medium
would have a complex frequency dependent.
The typical frequency dependence of the polarizability
is depicted in pig 13. Beyond the microwave region, the
frequency is too high for the permanent dipole to respond,
so the polarizability is mainly due to the contribution of
33
Table 2
Typical values of n for Davidson-Cole Formula
for Glycerol and Propylene Glycol at various






























2 4 6 8 10 12 14 16 18 20 22 24 log (Hz)
Fig. 13 Diagrammatic Representation of the Variation of XR(W) and XI(W) with
Frequency f = w/2-1 . After Zaky (1970)
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the atomic and electronic polarizability, which differs from
material to material. Below the microwave region, as the
region of our interest, the frequency dependence of the
polarizability is mainly due to the orientational contri-
bution, while the atomic and electronic contribution exist
as a background and is frequency independent. It will there-
fore be the aim of this thesis to investigate models of
orientational contribution to dielectric loss and dispersion.
As pointed out by Jonscher(1978), the dielectric loss
shows a remarkable post-peak frequency dependence (eqn.(1.17))
for a wide range of solids in the low frequency region
( 109 s-1). Based on this Ngai and White (1979) suggested
that the universal pattern of low frequency dielectric loss
may arise from the close connection of the dipole relaxation
process with the so-called infrared divergence(I.R.)
phenomenon. The basic feature common to systems exhibiting
I.R. divergence is the availability of low energy states
which may be excited upon the sudden change of the Hamil-
toni6z. The same idea that the excitation of low energy
states accompanies the sudden change of the Hamiltonian
can be found in the classic work of Huang and Rhys(1950)
on optical absorption by F--centers and the work of Mahan
(1974) on the X-ray edge. Although the mechanism suggested
by Ngai for the dielectric loss is probably reliable,
Ngsi's work is open to several criticisms. Following Ngaits
work, the susceptibility was calculated rigorously, using
linear response theory, by Young (1982) in a very simple
model. The result of Young's work gives the Debye formula
36
and Davidson-Cole formula and shows that the heuristic
arguments of Ngai are unreliable.
The rest of tnis thesis is organized as follows.
In Chapter 2, we briefly review the classic work on
F-centers and on the X-ray edge, stressing concepts which
are relevant for the problem of dielectric absorption and
providing an introduction to the physics of I.R. divergence.
To pave the way for a rigorous discussion of dielectric
behaviour, the well-known linear response theory is reviewed
in Chapter 3, This i. s then applied to a review of Ngai' s
work in Chapter 4.
In Chapter 5, firstly, we re-derive Young's results
in a manner parallel to the formalism used in the F-center
and X-ray edpre problem, this work is original, secondly,
a brief review of Young's work using the linear response
theory will be given. Finally, some generalizations are
considered in Chapter 6.
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Charpter 2
F-center A.bsor.Dtion and X-ray Edge
It was su Tgested by Ngai (19'79) that the large departure
of the observed frequency dependence of dielectric loss in
condensed matter from the Debye modes. may be closely related
to the so-called infrared divergence phenomenon. One of the
basic ingredients of infrared divergent behaviour is the
weak coupling of the dipole to a large number of low fre-
quency modes whose response is relatively slow compared to
changes in the state of the dipole. The same idea can be
found in the classic work of Huang and Rhys(1950) on the
optical. absorption spectrum of F--centers and work of Mahan
(1974) on the X-ray edge problem. In this chapter we briefly
review Huang and Rhys' s theory on F--center absorption and
Mahan's theory of the X-ray edge, with special emphasis on
features relevant to the discussion of dielectric behaviour.
2.1 Phenomenon of F--center Absorption
When transparent pure alkali halide crystals are heated
in alkali vapour, two phenomena occur: (l) First of all, the
crystal acquires a stoichiornetric excess of alkali atoms.
Fig. 14 shows the equilibrium concentration of excess K
atoms in KBr and KO1 crystals which have been heated in K
vapour at various ternperatuz-es. (2) The crystals acquire
a deep colour. (For example NaCI heated in Na vapour turns
38








1.6 1.4 1.2 1.0
Fig. 14. The Ratio of the Number of Excess Alkali Atoms
Per Unit Volume (N/F) to the Number of Alkal. Atoms
Per Unit Volume in the Vapour (N/V) versus the
Temperature T. After Mott (1948)
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yellow KC1 heated in K vapour turns magenta)(1), indicative
of fairly broad optical absorption spectra. Fig. 15 shows
the absorption spectrum of KBr containing excess alkali
atoms.
The central problem in the study of F-centers is to
understand how the excess alkali atoms cause the broad
absorption spectrum.
The excess alkali atoms occupy interstitial sites in
the crystals( Fig. 16) and it is these centers which
give rise to the absorption of colour. Thus they are called
colour centers, or Farbe centres in German, or F-centers
in Zshort.
The F-center atom by itself would absorb light only
at a frequency cornesponding to the energy dif-
Terence between an electronic state/ and another state
of the atom--in other words, one expects relatively
narrow line spectra rather than a broad continuous spectrum..
However the F-center is coupled to-the optical phonons of
the lattice via the coulomb field generated by the charge
distribution of F-center atom, so that the transition. of
the F-center atom from u to u is accompanied by the emis-
sion of si phonons of frequency w i( si may be negative,
(1)
It is not necessary to hea. the alkali halide crystal
in the vapour of the same kind alkali,
(2) However, the F-centers may also be some vacant ion
sites in the crystal. Since the ions around these vacant
ion sites would have a different electron configuration.,






Fig. 15 The A bsorption Coefficient K ( w ) for Excess













Fig, 1 6 A Representation of an Excess Sodium Ion in
NaCl Crystal. After Mott (1948).
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describing absorption of phonons). Then light is absorbed
leading to a broadat a fre uency
spectrum. Therefore, we must first understand the coupling
between the F-center and optical phonons.
2.2 Optical Modes
Optical modes describe the relative displacement of
the positive and negative ions in a unit cell of the
crystal, and may be formulated in terms of the polarization
P(x), defined as the dipole moment per unit volume. We
shall soon see that only longitudinal optical modes (i. e.
P = 0) are relevant, and since optical anodes are only
weakly dispersive,, all of these modes may be assumed to
have the same frequency w. Typical v tlues of w are




so that which is smaller tham T (henceforth,
we let Boltzman constant kB= 1) at reasonable temperatures




These lattice modes or phonons may be described by Hamil-
tonian
(2.3)
where the constant K can be determined by requiring the
kinetic energy density to equal
(2.4)
where M is the reduced mass, u i s the relative despiacement
of positive and negative ions and V/0 is the unit cell
volume. This gives
(2.5)
It is convenient to define
(2.6)
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2.3 Coupling between Lattice and F-center
Imagine an F-center at the origin. Since the F-center
atom has an excess charge, it gives rise to a coulomb
field E(x) in the vicinity. Such an electric field obvious-
ly leads to an extra term
(2.7)
in the Hamiltonian. (3) Thus
(2.8)




Since E is a static field., it may be written as - ,
so an integration by parts shoed t at the integrand
may be written in term of O(x) ,P(X), showing that
transverse mmodes do not contribute.
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where N is the number of unit cell. The unit vector k/k
specifies that these quantities are longitudinal. Then
eqn.(2.8) becomes
(2.11)
However E(-K) is given by the inverse transform
(2.12)
which evidently goes as N in the limit of a macroscopic
crustal (N → .) Therefore we define
(2.13)
which is finite as n → Thus
(2.14)
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in which we have replaced the momentum variable k by the
index i and introduced the conjugate momentum
(2.15)
For convenience in future, we allow the frequencies to be
different for each mode, therefore wf is replaced by w.
Moreover scale the variables by
(2.16)
then the Hamiltonian. (eqn. (2 .14)) becomes
(2.17)
The electric field produced by the F-centers will clearly
depend on the electron. distribution of the F-center atoms,
47
i. e. on the state / u > of the F-center, so we write E as
and
(2,18)
The second tern in the Hamiltonian describes the weak
coupling of the F-center to each of the N optical modes of
the lattice.
2.4 Analysis Lattice Modes
Eqn. (2.18) describes a collection of independent har-
monic oscillators. For the moment let us first consider one
such oscillator and drop the index i. Completing squares
(2.19)
(2.20)
Therefore this mode is a harmonic oscillator whose minimum
is displaced to
48
We label the eienstates of such an oscillator as
and its energy is
(2.21)
where for convenience we drop the zero-point energy
This state can therefore be interpretek-1- as the presence of n
phonons, each with energy in this mode.
The generalization to N independent oscillators is
straightforward. The eigenstates are labelled by
(2.22)




2.5 Transition Probabili and Absorption Coefficient
(2.24)
where HF is the Hamiltonian of the F-center and H/ph is given
by eqn. (2.19). The overall elgens-bates are
(2.25)
where the F -center is in state u > and the lattice is in
The energy of this state is
(2.26)
The interaction of the F-center with light is described
by adding the perturbation
(2,27)
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where is the momentum of the electron in the F-center
and A is the vector potential, treated as a c-number,
(2,28)
The transition rate R from
(2,29)
with energy E, to
(2.30)
V ith energy E', or vice versa, is given by Fermi' s Golden




is the net gain in energy, being the energy of the
photon which is absorbed or released. The delta function
thus expresses conservation of energy in the usual way
To be definite, let us assume E' > E. Then for every
transition from to and energy E' - E is absorbed
from the electromagnetic field, and at thermal equilibrium,
this occurs with a probability proportional to the initial
population in namely, exp The reverse tran-
sition releases an energy E' - E, but occurs with a pro-
bability proportional to the initial population in
namely, exp (- E' /T). It is therefore straightforward to
show that, for all transitions between atomic states

















The absorption coefficient is defined as the fraction-
al loss of the incident flux per unit length travelled by
the incident light in the medium. Since the vector potential
A is related to the time average of Poynting's vector S of





it is straightforward to show that
(2.44)




Except for the function, the contribution of the various
phonon modes are factorized (i.e. can be done at the
very end). Therefore it is convenient to represent the
delta function also as product of factors, one for each
mode
(2.47)
where t is a dummy variable with the unit of time. Then the




The convenience of expressing the function exp(-O(t)) as a
product is that the contribution of various modes of phonons
are additive. Each i (t) is given as
,(2.50)
and is evaluated (Appendix A) with the result
(2.51)




while for low temperature(
(2.53)
Note that in the high temperature case Oi (t) is real
By returning to the special case of for all 1,
we recover the result of Huang and Rhys's work on the F-
center absorption. Details of the calculation may be found
in Appendix B. Here we wish only to stress that the presence
of the slow phonon modes is expressed simply by the
"response function"(t)
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2.6.1 Phenomenon of X-ray Edge
When metals are bombarded by X-rays, electrons in the
inner atomic shells (e.g., K or L shells) will absorb the
X-ray and make transition to the conduction bands. If the
recoil of the atoms can be reglected, a sharp absorption
edge would be expected, corresponding to transition from
the inner shells to the bottom of the conduction band.
in practice, the absorption edges have a considerable spread,
e.g. the X-ray absorption spectra for aluminum is given in
Fig. 17 showing a width of 0.2-0.4 eV for the absorption
edges.
2.6.2 phonon Side-band Broadening
The observed phenomenon of broadening may be due to:
(i) collisions (for metallie gases); (ii) Stark effect;
(iii) side-bands due to the emission and absorption of phonons
accompanying the absorption of the X-ray
In this section, we only discuss the phonon side-band
broadening (4). In the absence of any coupling to other
modes, assume that the Hamiltonian of the phonons take the
simple form
(4) Although the nature is different for each type of
broadening mechanism, all of them bear a great resem
blance in the mathematics and such resemblance is not
amazing, since all mechanisms involve transition of a
















Fig.17 The X-ray Threshold Region of the
Absorption Spectra of Aluminum. The two peaks
correspond to the threshold singularity for
the LIII and LII transition respectively.
After Mahan (1974).
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where q's are generalized coordinates of the lattice, p's
are the conjugate momenta and are the vibrational
frequencies
When coupling exists between phonons and the x-ray
absorption centers, the simplest form of the interaction is
linear in q for all phonon modes therefore, in analogy with
the F-center problem, the Hamiltonian becomes
(2.55)
Since depends on the electronic coniigura of the
X-ray absorption center, we replace
2.56)
The normalization factor ensures that the energy is
finite in various representations of the Hamiltonian.
Completing squares, e,n. 2.55) becomes
(2.57)
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Similar to the F-center. absorption, the transition of the
X-ray absorption center from a state to another state
is accompanied by the excitation of phonons, therefore the
absorntion coefficient for X-rays of frequency is given
by eqn.(2.48) and equ (2.49)
where is the threshold in the absence of any
coupling ilt is the number of X-ray absorption centers per
unit Volume. If the summation over the phonon modes i is






It is reasonable to expect that there exists an upper cut-
off W for s as either there is no phonon modes above
or the phonon modes above . do not couple to the x-ray
absorption centers. Thus eqn.(2.60) becomes
(2.62)
All properties of the phonon modes or the coupling are
summarized in () thus all observed phenomenon will be
discussed based on situable choice of (w).
Since experiments on the X-ray edge are usually per-
formed well below the Debye temperature of the lattice,
the discussion, for simplicity, is referred basically to




Practically, it was observed that the broadening of the
X-ray edge (O.2 -O.4 eV for II LIII absorption spectra of
Al) is small, therefore the influence of (t) on the absorpt-
ion spectrum will be mainly due to O (t) evaluated at
large so only the contribution of
small is significant in , hence we expand.
for small w as
(2.64.)
The response function exp(-(t)) becomes
(2.65)
whet E 1(x) is the exponential integral which vanishes for
lare x
(2.66)




and is power behaved at The power behaviour
is suggestive and we can represent the response of the phonon
systern schematically as in. Fig. 18. If there is no coupling,
the minimum of the potential occurs at the same point
(Fig. 18) and transition occurs from A to B without exciting
the phonons. However, because of the coupling, the minimum
in the lower u state and in the uppe i state are dis-
placed. Suppose the phonon state initially is in C. Because
the variable q reacts slowly, during the transition the
value of q does not have time to change so it can only. go
to D and not E. The result of the optical transition there-
fore excites the harmonic oscillators.
It is our interest in the following, chapter to study
whether this power behaviour. of the absorstion spectrum is













Fig. 18 A Schematic View of Optical Transitions of (a)
Uncoupled and (b) Coupled System of Electrons







The influence of the external disturbance on a system
mostly induces the transition of the system from one
equilibrium state to another. The perturbation can be
roughly classified into two types, namely, the mechanical
perturbation which can be completely described by simply
adding the interaction term on the Hamiltonian of the
system: the thermal perturbation of which the interaction
term is more complicated to describe.
For a small disturbance, the time development of the
perturbed system from its initial state can appropiately be
described in terms of the linear response theory in which
all formulas are derived to the first order in the inter-
action term. In the formulation of the theory for the
mechanical perturbation (Zubarev, 1974), the system is
assumed in statistical equilibrium with a thermostat initial-
ly. After the introduction of the perturbation, the time
development of the system is governed by the Liouville
equation and thethermostat is later not taken into account,
hence the Hamiltonian refers only to the system itself.
The removal of the thermostat is appropiate only if the
switching en of the perturbation on the system is adiabatic
the system develores itself in time as an isolated system,
and an additional assumption is that the interaction term
is small enough which enables us to use the initial equili-
b~ium state as the zeroth order approximation.
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Suppose the Hamiltonian of the unperturbed system is
Ho, after the switching on of the perturbation on.the system,




The time development of the statistical operator is governed
by the Liouville equation
(3.3)
with the initial condition
(3.4)
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If the operator is taken into account as the zeroth
order approximation. of , then up to the first order in





Using the Kubo identity
(3.8)





The generalized susceptibility is defined as the coefficient
of proportionality between generalized polarization of the
medium and the applied external field. If the statistical
ensemble is acted on by a time dependent mechanical per-
turhati can(t).an Pxtr-term
(3.11)
is added to the Hamiltonian. The ensemble average of P is
in general represented as
(3.12)
is the generalized susceptibility,where
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(3.14)
and its Fourier transform is
(3.16)
This is the basic formula which will be used in Chapter 4,
Chapter 5 and Chapter 6.
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Chapter. 4
Reviews on Ngai's Work
In the previous chapter, we have studied how the
coupled phonons affect the F-center absorption and the X-ray
edge. We now study the influence of coupled boson excitat-
ions on the dielectric loss Xi(w) in solids. Since it
was suggested by Ngai that the anomalou.s (i.e. non-Debye)
dielectric loss in condensed matter is a consequence of the
excitation of low energy states which exhibit an infrared
(I.R.) divergent response to the transition of the dipoles,
it is appropia fie to study, firstly, distribution of the
low energy excitation states, then, secondly, Nai's work
on the dielectric loss. (Ngai,1979. NNgai and White,1979)
4.1 Replusion of Energy Levels in Complex Systems
The complexity of amorphous condensed matter prevents
a thorough study of the distribution of energy states as
in crystalline solids, so the problem is approached from
statistical theory. For a slrstem with N states, the Hamil-
tonian may be represented. as an N x i1 matrix. For an amor-
phous system, without order, it may be a good approximation
to assume that the N2 Triatrix elements are random Tariables.
This is, the starting point o f the theory,, and allows us to
obtain the statistical distribu tionon energy levels. it
will be found that the probability of finding two energy
states with equal energy vanishes, therefore the energy
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levels of complex system seem always repel each other.
The mathematical theory of random matrices, first
considered by Wigner (ORNL-2309) and Dyson (1962) in the
context of nuclear levels, is rather cumbersome. However,
the physical idea is very simple and can be understood
easily if we consider only two levels, ignoring all other
states. The problem reduces to consider the eigenvalue
problem of a two levels system. Such two levels system can
be described by a Hamiltonian which, in matrix representat-
ion, is
(4.l)
where a, .b, c and.. d are now assumed to be independent rand-
om variables. The eigenvalues of this Hemiltonian are
(4.2)
and
respectively, the seperation of the energy levels is
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(4.3)
The probability of findinc the energy level seDeration:
in the interval (E, E+dE) is proport-
ional to volume of the thin shell ( E2dF) in the phase
space (b, c, d) (Fig. 19), therefore the probability is
(4.4)
It should be noted that the probability of finding E = 0
vanishes, therefore energy levels seem to repel each other.
Although the above simple derivation considered.only two
states, it must be qualitatively correct when E0, since
in this limit, all other states are "far away" and can
therefore be neglected.
It was claimed by Ngai that the phenomenon that energy
states exhibit "energy level replusion" commonly exist in
dielectrics with localized spin, dielectric with atom-atom
or molecule-molecule or ion-ion or dipole--dipole interact-
ions and dielectrics with electron self-trapping states.
For example, in dielectrics with localized spins, suppose
there are two local minima in spin configuration space
with energy E1 and E2. If E1 and E 2 are uncorrelated then






Fig. 19 Phase space of random variables b, c and d, the
probability of finding the energy level speration
E in the interval (E,E+dE) is proportional to




For example, if El and E2 are uniformly distributed in
(0, E1 ) and (0, E2), then
(4.5)
is finite when EO.
However, in general there will be a tunnelling matrix
element T12 between the 2 states, so the Hamiltonian in the




so even if El E2 exactly, the seperation of the energy
levels E = E is(l)
(4.7)
and the probability of finding E in the interval (E, E+dE)
is
(1) It is a special case of eqn. (4.3) for b = 0, Re 1 = c
and Im T12 = d.
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(4 8)
Thus the probability of finding E = 0 vanishes, and the
energy levels repel each other.
4.2 Low Freauenc Infrared-divergent Dielectric Response
If the dielectric medium is subject to a time dependent
external field E(t), the intel action of the polarization
with the electric field is given by
(4.9)
where P is the polarization vector, which is an operator
in quantum mechanics. The polarization density of the medium






is the dielectric susceptibility, O(t - t') is the
Heaviside's step function, is the usual cornmuntator
and< > is the thermal average over the initial equilibrium
state. In classical limit, i.e. W /TO, we get
(4.12)
where P(t- t') is the time derivative of P(t- t') with
respect to t.
In order to have the power dependence of the dielectric
loss on w, Ngai assumed: i) the polarization P takes on
either of two values +Po and makes transition from one
state to the others; ii) the transition is described by a
time dependent transition rate: W(t)= Wo exp(-O(t)),
where exp(-O(t)) describes the low energy excitation accom-
nanvin, the fliDDina of the dipoles (2)
(4.13)
(2) The form of 0(t) proposed by Ngai is equal to the real
part of the response function(egn.(2.63)) evaluated at
absolute zero temperatures
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where is the disturbance which induces the low energy
excitation, N( W) is the density of states responsible for
the low energy excitation and w. is the upper cut-off of
The dielectric susceptibility tibility becomes(3)
(4.14)
If the probability of finding energy level seperation in
interval (E, E+dE) is. by the level re ulionraurnent
(4.15)
it was claimed by ILL ai that, from eqn. (4.15), the density
of the low energy states is given
(4.16)
If N l (t) and N2(t) are the. number of dipoles, whose
dipole moments take the +p and -p respectively,
per unit volume, the transition between these two states
is governed by the usual rate equation dN (t)/dt-
-w(t) N1(t)+W(t)N2(t)and dN2(t)/dt=(t)N1(t)-wl(t)N2(t).
Since the polarization of the medium is P(t)=(N (t)-N/2 (t)) P
we get dP(t)/d=- 2w(t)P(t); P(t)=P exp(-2 S W (t')dt');
P(t)=-2W(t)P exp(-2 StW(t' )dt ')and p(0)=Po, where
Po=(N 1(0)-N 2 (O) Po
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Moreover if i is independent of w , the condition





where Y being the Euler' s constant 0.5772, c. = 2W/o and
(4.19)
In the absence of any coupling between the dipole and
the low energy states, i.e. n = 0, the dielectric sus-
ceptibility reduces to Debye result
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(4.20)
When coupling exists between the dipoles and the low energy
states, for long time or low frequency dielectric loss, i.e.
w.c >>1, the "response function" 0(t) becomes
(4.21)
and. the dielectric susceptibility (egny (4.18)) becomes
(4.22)
For sufficiently large values of'C, the susceptibility
function is dominated by the exponential function in
eqn. (4.22). This approximately occurs at
(4.23)
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The Fourier transform of (c) can be evaluated numerical-
ly. Severa1 results for some n's are shown in pig. 20 which
represents the various observed tof dielectric responses
in solids.
4.3 Discussion
Although the mechanism suggested by Ngai on the
anomalous dielectric loss is reliable, Ngai's work on the
dielectric loss is not invunlerable, There are at least
three points open to challenge, namely, the time dependent
transition rate, the form of the "response function" and
the density of state of the low frequency modes.
1) Time Dependent Transition Rate: Although the transition
of dipoles is accompanied by the excitation of some low
energy states, it is not clear that this should be des-
cribed by time dependent transition rate
(4.24)
which is contrary to intuition. In other words, although
the "response function" O (t) will probably affect (w)),
it is not true that 0(t) will enter in the form suggested
by Ngai. In fact we shall show, by means of an example in
the next chapter, that this assumption of Ngai is false,
2) Form of the Response Funct: As previously discussed
in Chapter 2, the response function is given by eqn. (2.62)
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Fig. 20 Behaviour of (chain-dotted lines) and
(solid lines) in Ngai's theory for several dif-




which, in two limiting cases, takes the forms
and
Again we shall show in the next chapter that eqn.(4.26)
rather than eqn.(4.27) should be used.
3) Density of state of the Low Freauency Modes: It is not
clear why the density of state of the low frequency modes
is related to the probability p(E) of finding the energy
level seperation in a form suggested by Ngai. The relation-
ship between them is, to say the least, not straightforward,
In the next chapter, to complement Ngai's argument on
the dielectric loss, the dielectric loss X/I( cei) is derived
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along with the discussion of the influence of the coupled
phonons on the F-center absorption and the X-ray edge. The
result is compatible with that which has been calculated
rigorously by Young (1982) with a very simple model.
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Chapter 5
"Anomalous" Dielectric Loss and Reviews on Young's Work
Although Ngai' s work on the low frequency dielectric
loss is open to criticisms, the suggestion that the
"anomalous" dielectric is caused by the excitation of some
low energy states accompanying the transition of dipoles
is probably reliable. In this chapter, to complement Ngai's
argument, the dielectric loss factor: X/I (w) is derived in
a manner parallel to the previous discussion on the F-center
absorption and the X-ray edge the result is compatible with
that of the rigorous calculation of Young (1982) which will
be briefly reviewed in another section., with emphasis on
the departure from the Debye form of relaxation arising from
the W2 tern in the expansion of (w) rather than the linear
term.
5.1 "Anomalous" Dielectric Loss
The feature commom to the F-center absorption, X-ray
edge and the "anomalous" dielectric loss is the excitation
of some coupled low energy states accompanying the transit-
ion of the absorption centers which, in various cases, are
F-center, X-ray absorption center and the dipole respect-
ively.
Generally, there are many small dipoles dispersed in
condensed matter - as in ionic so1ids, where strong local
coulomb interactions between the electrons and the lattice
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constituents induce a local lattice distortion which leads
to self trapping of-the electrons and the formation of
small localized dipoles, In thermal equilibrium, the
orientation of these dipoles are completely random in amor-
phous solids. To be definite, one may imagine there exists
two degenerate energy states for each dipole, which corres-
pond to the dipole orientating in two opposite directions.
Since the lattice is coupled to these localized dipoles
through the coulomb interaction, it will be excited into
vibration as the dipole makes transition from one state to
another under the influence of external field, hence phonons
are emitted or absorbed. Assume, in the absence of any
coupling, the Hamiltonian takes the simple form
(5-1.)
where q's are generalized coordinates and p's are the con-
jugate momenta: (henceforth, we let
As in the F-center absorption and the -ray edge,
the interaction is next. introduced with the siuipiest form
(5.2)
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for phonon mode i, i= 1, 2, 3,.,., where depends on
the state of the, dipole. Therefore the Hamiltonian becomes
(5.3)
if the dipole moment of each dipole is p/o, when there is
an electric field. the response of the
system to E(t) is described by adding the perturbation.
in the Hamiltonian. The energy absorbed by the
medium per unit volume per unit time is given by eqn.( 2.33)
(5.4)
where N/p is the number of dipoles per unit volume, 1, >and.,




is the "response function" describing the response of
the low frequency excitation, which in classical limit, i.e.
becomes
(5.7)
Macroscopically, the absorption o energy per unit volume
per unit time for a medium placed in an electric field E(t)




For low frequency( 109 s-1) dielectric loss, w /T<< 1 at
all reasonable temperatures, so we have
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(5,10)
and the dielectric loss(egn.(5,9)) becomes
(5.11)
Since the response function 0(t) satisfies
(5.12)
the real part and imaginary part of e are even and odd
functions of t respectively, l.e.
(5.13)
(5.14)
In eqn. (5.11), only the integrand even in t contributes to
the integral, and eon.(5.11) becomes
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(5.15)
In the low frequency dielectric loss, the frequency W is
always less than 1O9 s-1, therefore only /t/ ~ l/ w very
large is important in egn.(5.15), for t very large only the
low frequency modes of the phonon contribute effectively to
the integral of eqn. (5.7), hence we car expand f (w) for
small
(5.16)
Moreover, it is reasonable to expect there is upper cut-off
w.of w, then eqn.(5.7) becomes
(5.17)






becomesThe response function e
(5.21)








Fig 21 shows the frequency dependence of dielectric loss
for some values of n, the dielectric loss peaks have the
peaks broadening in high frequency region and exhibit a
trend in qualitative agreement with experimental data.
In order to emphasize the compatibility between this
result and that of Young's calculation, the dielectric
loss in eqn.(5.15) is expressed appropiately in another
form
(5.25)
where, by integration by part, a factor of w) in egn.(5.15)







-2 -1 0 1 2 3
Fig. 21 log/e (w) versus log/e for (bottom to top)
n = 0.00 -- 0.09. Normalization is arbitrary
for both and
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5 .2. Reviews on Young's calculation
The dielectric loss is discussed with a very simple
model; the model consists of a charge hopping between two
sites which may be referred as the up and down states of
a spin i system. The electric dipole moment u assumes value
±u., such. that u= u In addition, there are boson
modes, to be called phonons and labelled by i = 1, 2, 3,...
with coordinates q's and momenta p's: [q1, pm] =i lm
As in the previous section, in the absence of any
coupling between phonons and charges, the Hamiltonian of
the free phonons is assumed the simple form
(5.26)
so that the spin is completely free and the two sites are
degenerate. Next the coupling is introduced as
(5.27)
which has the form where a. and a
annihilates and. creates pl zonon 1, and. cause
transition between two sites, then the total Hamiltonian is
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(5.28)
Thus the hopping of the charge between two sites is accom-
panied by the emission and absorption of phonons.
When there is an electric field E(t).an exra. term
(5.29)
is to be added to H. The linear response of the system to
the external field E(t) is described by the susceptibility
(w )which is given by the Kubo's fluctuation dissipation
theorim
(5.30)




If the condition w /T<< 1 is satisfied, as it is true for
the,frequency dielectric loss of interest in which W is
always smaller than 109 s-1 ' (for example: w /T ~ 105 for
T ~ 1/40 eV and w ~ 109 s-1). Therefore only t >>1/T
will be important in the integral(ean.(5.30)) which then
reduces to the classical version
(5.32)
where G(t) is the two time Green function
(5.33)
In case of this two level system, the spectrum of H is
exactly soluble, G (t) can be evaluated, Moreover it is easy
to show that G(t) can be factorized into the product of the
response function of each phonon mode the technique is
inserting a complete set of eigenstates of H between the





where the subscript o denotes the thermal average is per-
formed using Ho. In the classical limit, i.e. W /T 1,














This result is highly compatible with ean. (5.25) with 0(t)
given by eqn.(5.5). The weighting factor eqn.(5.6) bears
the same content as that in eqn. (5.40) one may examine that
the coupling term introduced in the previous section are
for the dipole in state u' and state
u respectively; while in this section, they are q and
q,for the "spin up" and "spin down" states of the di.
pole respectively.
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5.3 phenomenology and Discussion.
It is physically reasonable to expect there exists an
upper cut off w .for w, as either there are no phonon
modes above W. or the phonon modes above w. no longer con-
tribute to the relaxation, en.(5.39) becomes
(5.44)
Assume w.is much larger than the time scale of experimental
interest only the contribution of small w
is important in. integral. (eqn. (5 0 4 4)), we may expand (w)
for small
(5.45)







and Y being, the Eider's constant 0.5772, then
(5.49)
For leading long time behaviour
(5.50)
the significance of the exponent becomes obvious:
approximately defines the frequency at which maximum di-
(5.51)
When the correction in egn.(5.50) is negligibly small com-
pared to unity, substituting eqn. (5.50) into egn.(5.32), we
obtain exactly the Davidson-Cole formula






However the above "derivation" of Davidson-Cole -formula is
not more than suggestive. We can examine the 0(1/t) cor-
rection in eqn.(5.46) and egn.(5.50) more carefully: the
0(1/t) correction in egn.(5.46) is obviously (1/w.t) and
certainly negligible by virtue of egn.(5.51), but the cor-
rection in eqn.(5.50) is n/ t~n w/ and becomes signi-
ficant in the post-peak region where Davidson-Cole formula
is no longer valid-- for example, n = 0.1 it is intolerable
to neglect the correction in eqn.(5.50) at w ~ 1O , i.e.
one decade above the loss peak. To extend the analysis to
the high frequencies, the subdorninate term in een.(5.50)
can be explicitly evaluated for w << w. (but w arbitrary in
comparsion to ), and it gives a contribution to
exhibiting an asymmetric broadening peak, Fig. 22, a trend







Fig. 22 Log/10 (w) versus Log10w for (bottom to top)
n= 0, 0.025, 0.05, 0.075, 0.1, 0.125, 0.15.
Normalization is arbitrary for both XI=and w.
After Young (1982).
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Although the form of the response function bears a
great similarity to that suggested by Ngai, due attention
must be paid to the physics different in these two cases.
In Young's calculation, the departure from Debye form of
relaxation (i.e. the index n) arises from the term w2 in
the expansion of.' (w) rather than the linear term u.). The
reason is not difficult to understand. At thermal equili-
brium, the number of phonons is controlled by n( w T)=
l/(e w/T- 1) for phonon mode, at temperature T. In the
classical treatment of the low frequency( 10 9 s-1) di-
electric loss, the number of phonons (i.e. n(w 9 T) goes
as T /a.Aj for W/T 1) and appears in the response function
to enhance the, probability of emission or absorption for
the low frequency modes. This is a case in complete con-
trast to X-ray edge. In X-ray edge, since experiments are
usually performed well below the Debye temperature of the
lattice, the discussion, for simplicity, refer basically
to the zero temperature limit (i.e,. w /T>> 1. or n(w;T)=0)
with all finite temperature effect. being suppressed, the
effect of the phonon modes is, therefore, essentially
quantum mechanical and the thermal factor T/w does not
appear in the response function of phonon mode. The dif-
ference between these two cases will become more important
when Young's calculation is. carried out quantum-mechanically
Moreover, it is desirable that the Arrhenius-type depend-
ence of the loss peak frequency on temperature can be obtain.
ed by modifying the above simple model. Thus, in the. next




Generalizations of Young's Model
This Chapter reports certain improvements on the re-
sult of Young (1981).
First of all, it was emphasized that the departure
from the Debye form of relaxation is due to the w/2 term in
(w), in contrast to the case of the X-ray edge (Mahan,
1974). The essential idea is that in the dielectric case,
the phonon frequency w is much smaller than the absolute
temperature T, so at high temperatures, the number of phonons
go as T/w). In the case of the X-ray edge, the number of
phonons is effectively O. It is therefore instructive to
carry out Young's calculation (which was limited to the
classical case of high temperatures) quantum mechanically
in order to see how the dielectric absorption behaves at
extremely low temperature this work is presented in Sect-
ion 6.1.
Secondly, actual dielectric relaxations are usually
activated. Of course this is due to the fact that the di-
poles do not flip directly from "down" to "up", but must go
through an intermediate state which is higher in energy.
This intermediate state is lacking in the two state model
of Young. We therefore consider a three state model to
study the effect of activation. In Section 6.2, we consider
the case where the intermediate state is degenerate with
the "up" and "down" states. This is of course unrealistic,
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but turns out to be exactly soluble, and allows us to see
some features due to the inclusion of the intermediate
state,
In Section 6.3 we consider the more realistic case
where the intermediate state is higher in energy, correspond-
ing to a potential barrier between the "up" and "down"
states, Unfortunately, this problem can not be solved exact-
ly and we present the pertu.rbative solution to order
where is the coupling between the dipole and the phonons.
Based on the experience with the two state system and with
the degenerate three state system, this result is assumed
to exponentiate and the phenomenological consequences are
discussed. in particular, the frequency of the absorption
peak is found to vary with temperature in the manner expect-
ed,
6 .1 Quantum Mechanical Treatment of Youn t `s Calculation-
Degenerate 2-site Problem
The model has been described in the previous chapter:
in the absence of any coupling, the Hamiltonian. is taken
simply to be
(6.1)
After the introduction of the coupling between the spin and
the phonons, the total Hamiltonian becomes
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(6.2)
where o+= o,+ io Cy describe the hopping between the two
sites, each site corresponding to one orientation of the
dipole. When there is an electric field
and extra-term is to be added to H, where u. is
the dipole moment of each dipole. The linear response of the
polarization to E(t) is described by the susceptibility
given by the fluctuation dissipation theorem as
(6.3)
where denotes the thermal average using H
(6.4)




is the operator in Heisenberg picture, which at s = 0
is equivalent to the operator in Schrodinger picture
eqn. (6.5) becomes
.(6,6)
We choose the matrix representation in which cy is diagonal:
(3.7)















eqn. (6. l2) is equal to
(6.14)
Since the Hamiltonian o describe non-interactiog but dis-
placed harmonic oscillators, their eic enstates ({n+ >}fare





Because H0 are respectively diagonal in the complete sets





The trace is invariant under cyclic permutation.
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In the first matrix element we allow H0 to act to the left
0
while in the second matrix element we allow Ho to act to
the left, Thus we get
(6.18)
Next we use the fact that {n+> is obtained by displacing
the elgenstates ({n}> as in egn.(6.3-5) and hence we obtain
(6.19)
Since ({n}> is a product of wavefunction of each oscillator,






and /ni> and /mi> are single oscillator eigenstates, with
(6.22)





The trace eqn.(6.23) over a simple phonon coordinate can be






Similarly, all of the other traces in egn.(6.10) and










In the low frequency (w<109 s-,l) dielectric loss, the
condition w /T << 1 is always satisfied at reasonable
temperatures, such Ghat only t very large (t~ 1/w>>1/T>S)
is important in the integral in eqn.. (6.3).Hence, in eqn. (6.3),
is negligibly compared to t and. we get
(6.34)
Moreover, only the low freuency in modes contri-
Bute effectively to the integral in ern. (6. 32), thereforE
we can expand in w and in w/T respect-
ive1y. Eqn. (6.34) then becomes
(6•35)
recovering Young's result. However we now see clearly that
the factor T/w arises from 1/(ew/TA-1) in the classical
limit (T8); a at zero temperature (which is a case in
complete contrast to our consideration in low frequency
dielectric loss) 1/(ew/T-1)= 0, the response function of
the low frequency modes becomes
(b.36)
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which corresponds to the form of (t) encountered in the
X-ray edge
The purpose of this section is therefore two-fold:(i)
to see tht form of the quanturn correction to Young's result
and to verify that they are regligible whenever T<1;
(ii) to see clearly that the factor T/ w which distinguishes
the (t) in the dielectric case from that in the X-ray edge
comes about solely on account of the very different values
of 1/(ew/T-1) in the two cases (T/w in the dielectric
case,; T/W in the X-ray edge)
6.2 Three-site Problem
As a preliminary to Section 6.3, the susceptibility
of the dielectric medium will be calculated again, using
Young's model with some modlfications. We imagine that
a charge hops between two sites, labelled as +, in which
the dipole moment is + uo. However, there is no direct
hopping between these two sites; instead, the charge must
go through an intermediate state which we label as 0, and
in which there is no dipole moment. The system therefore
has 3 states, and may be referred to as a spin one object
with u = u j z The energy of the + 0 and -states are
assumed equal in this section when there is no coupling
As in the previous consideration, we assume there are phonor
modes. In the absence of any coupling, the Hamiltonian of
the phonon mode takes the simple form
(6.37)
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and the spin are completely free, thus the sites are de-
generate. When the coupling is introduced, the total Hamil-
tonian becomes
(6.38)
The coupling term has the form where
di scribes the hopping of the charge between
the + state and the 0 state, while ai/+ and ai describe tne
accompanying emission and absorption of phonons, When there
is an electric field E(t), an extra-term
be added to H. The linear response of the. polarization to
E(t) is described by X (w)
(6.39)
where denotes the thermal average using the Hamiltonian




For convenience, we choose the representation in which J x
is diagonal:




The trace of with respect to spin can be





where Tr' denotes the trace over the remaining qi, pi




















As discussed previously, in the low frequency
dielectric loss, the condition of classical limit w/T<< I
is always satisfied at reasonable teraperatures, such that
only t very large is important in





The presence of is easy to iinderstand. Because of the
coupling between the phonons and the spin one system, the
energy of the site(O) is shifted by . This has two con-
sequences: (i) The amplitude-of hopping between(+) and (0)
has a time dependence exp (ii) The relative
equilibrium distribution in state(O) is exp( while
that in each of(+) and(-) is l
In the classical limit described by egn.(6.6O), to the
leading order in t, we find
(6.61)
where co, is the upper cut-off of w, i. e.
(6.62)




By egn.(6.59), we obtain the dielectric loss
(6.65)
This is essentially the superposition of two term of the
type found in the two-site problem, but with w → w +
Roughly speaking, this simply broadens the loss peak.







1-1 0 2 3
Fig. 23 log/e x/I(W) versus log/e w for (bottom to top)
T~300 K and
Normalization is arbitrary for
both X/I and w
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6.3.1 Non-degenerate Three-site Problem
In the previous section, we studied hopping through an
intermediate state which is (except for coupling to the
phonons) degenerate with the+ state. In this this section,
it is desirable to obtain the Arrhenius-type dependence of
the loss peak frequency on the temperature by modifying the
above three-site model, so that the intermediate state is
higher in energy and any hopping from + to-, or vice versa,
goes through a barrier.
In absence of any coupling, the model is modified to
be described by the Hamiltonian
.(6.66)
in spin configuration space there are two local minima
(site(+) and site(-)) seperated by a "potential barrier"
of height B (Fig. 24). The coupling, for simplicity, is in-
troduced with the form.
(6.67)
where J describes the hopping of the charge from the local
minima (site(+) or site(-)) to the barrier (site(O)), J,





Fig. 24 A Schematic Representation of Three-site
System.
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accompanying absorption and emission of phonons. Then the
total Hamiltonian
(6.68)
In matrix representation are
(6.69)
By eqn.(6.69) we get the following identities
(6.70)
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As considered previously, the linear response of the pola.r-
ization of this system to an external electric field E(t)
is described by the susceptibility X(w)
(6.71)
where denotes the thermal average using the Hamiltonian
givers by eqn(6.68).
Now, we are going to calculate
(6.72)
where is the operator in Heisenberg pict-
ure and related to that in Schrodinger picture by
(6.73)
therefore ean (6.72) becomes
(6,74)
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This cannot be evaluated exactly, therefore we consider a
power series expansion of the exponential function e in
























into eqn.(6.74), the trace of the spin can be evaluated




where Tr' denotes the trace over the remaining q's, p's
variables. Since all O's functions involving I/T are, at
least,of the order 0(1/T), in the classical limit
the two time Green function is evaluated to the leading
order in l/T, then egn.(6.89) becomes
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(6.92)
Based on the experience with the two state system and
with the degenerate three state sytem, the result is





6.3.2 Phenomenology and Discussion
In low frequency dielectric loss, only t very large is
important,. therefore only the phonon modes with frequency
w ~ B contribute effectively in egn.(6.94). It is sensible





w.and w2 sre the lower and upper cut-off of w respectively,
i.e. outside the range (w,w2), the contribution of the
phonon modes to th= dielectric relaxation is assumed negli-
bl e. Assume B>>T, then in the classical limit, we have
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(6.98)
and the response function can be evaluated to the leading
order in t with the result
(6.99)
Hence the two time Green function (eqn.(6.92)) becomes
(6,100)
where






which is the Debye result with the loss peak frequency
exhibiting the Arrhenius-type dependence on temperature as
encountered in practice. The presence of this temperature-
dependence of loss peak frequency is easy to understand.
Since in our model of low frequency dielectric relaxation,
only the phonon modes with frernuency w ~ B contribute
effectively to the dielectric loss, and the number of these
phonons is controlled by the factor
which goes of
Although the result of this simple model of dielectric
relaxation is encouraging, inttutively, it is not Only the
high frequency phonon modes (w ~ B) contribute effectively
to the dielectric relaxation. As the dinole makes transition
the excitations of a large number low frequency modes would
be expected, therefore it fruitful to investigate other
form of coupling to compensate the above iriadecuacyy
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Appendix A
Evaluation of the "Response Function" for Each Phonon. Mode
For simplicity, we drop the index, then egnz. (2.50)
becomes
(AL)
The states /n;u>and ;n ';u'> are eigenstates of
. (A2)
Since the coupled. eigenstates: >'S of the Hamiltonian
eqn. (Al) are related to the uncoupled eigenstates n 's
of the Haniiiltonian of free phonons by a translation
(A3)





The sum over nt is trivial and leads to
(A6)
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The annihilation and creation operators of phonon are
















Huang and Rhys Theory on the F-center Absorption
Since the optical mode is weakly dispersive, we may
let w,' = w, for i = 1, 2, 3.....so the response function





Expressing the exponential function in a power series
(B4)
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It is clear that m in represents the number of phonons emitted
and n represents the number of nhonons absorbed, so let
m - n = p, where p represents the net number of phonons





The absorption coefficient of the medium is
(B8)
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For all practical rurposes p can be replaced as a continuous
variable; this is because
i) the absorption line at each frequency
will have its intrinsic width;
ii) the modes are weakly dispersive, so the frequencies,
in fact, need not be same for all optical modes.
Since the observed broadening, of the P-center absorption
line is about 0.5 eV which is small compared to
2 elf), the factor before the summation in eqn, (B8) can
be regarded as constant in the discussion on the broadening
of theabsorption line a The delta function in eqn. (B8) ensures
the energy conservation. If we plot
against Pw,= w - w (u,u)then up to a scaling factor in
the vertical axis and a translation in the frequency axis,
we get the absorption spectra of the F-center absorption.
Fig. 25 shows the theoretical and experimental absorption








Fig. 25 Theoretical and experimental .absorption curves for
F-centers in KBr.----- experimental,-- theoretical,
after Huang and Rhys (1950)
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